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Abstract
This paper presents the use of a novel two dimensional (2D) uniform linear array for adaptive beamforming algorithms.
We used this novel antenna configuration to study the popular adaptive beamforming algorithms, namely, least mean
square algorithm (LMS) and least normalized mean square algorithm (NLMS) and also proposed a variable step-size NLMS
(VSSNLMS) algorithm. These beamformers are named as 2D-LMS, 2D-NLMS and 2D-VSSNLMS algorithms respectively.
These algorithms not only improve the convergence rate but also mitigates the effect of interference by producing deep
nulls in the interference directions. These algorithms are suitable for low-power, low-cost, anti-interference MIMO-WLAN,
WiMAX, 4G LTE and other advanced communication systems.
Keywords 4G LTE · LMS · MIMO · NLMS · WiMAX · ULA

1 Introduction
The shape of radiation pattern of smart antenna system is
controlled through the use of beamforming algorithms.
It is based on a certain criteria that may be enhancing
the signal-to-interference ratio (SIR), minimizing mean
square error (MSE), minimizing the variance beam steering
toward signal of interest (SOI), tracking a moving emitter
and mitigating the interference signals. These algorithms
can be implemented electronically via analog devices. The
implementations will be easier and accurate using digital
signal processor. An antenna radiation pattern (also called
as beam) formed by digital signal processor is known as
digital beamforming. Figure 1 shows the analog (a) and
digital beamforming (b) structures.

1.1 Least mean square algorithm (LMS)
The LMS algorithm to estimate the complex weights of an
antenna array is widespread. The LMS algorithm is shown
in Fig. 2 is a gradient-based method. The convergence rate

of this algorithm is completely depends on the step size (µ)
parameter. If it is too small, convergence rate of the algorithm will be too slow and it results into the over damped
case. If µ is too large, then we will have under damped
case. Hence, the convergence rate of an algorithm is very
important aspect and its practical importance for cellular
communication is reported in [1].
The standard LMS algorithm uses fixed step size. In [2],
it is shown that the step size is varied during each iteration to improve the convergence speed by minimizing the
MSE. The convergence speed can be increased for broadband signals by implementing LMS algorithm in frequency
domain. This concept is studied in detail in [3–5]. It reduces
the computational complexity of algorithm.
The sign LMS algorithm is presented in [6]. In this
work the error signal between the reference signal and
antenna array output is replaced completely by its sign.
Hence, this method is called as sign LMS and its computational complexity is less than the normal LMS algorithm.
Practical application of LMS algorithm for cellular communications using an antenna array is studied for indoor radio
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Fig. 1  a Analog beamforming,
b digital beamforming
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systems in [7], mobile communication systems in [8] and
satellite-to-satellite systems in [9].

1.2 Normalized LMS (NLMS) algorithm
In NLMS algorithm, for each iteration, it uses a data-dependent step size. The step size of this algorithm at nth iteration is
𝜇
given by 𝜇(n) = x H (n)x(n)
. Here, the value of µ is constant. The

standard LMS algorithm requires the calculation of eigenvalues for covariance matrix. This is avoided in NLMS algorithm.
NLMS has better convergence speed as compared to normal
LMS algorithm. Normalizing makes it less sensitive as
Vol:.(1234567890)
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compared LMS algorithm [10, 11]. Application of NLMS algorithm for mobile communications is reported in [12]. Unbiased impulse response-based least mean square algorithm
is presented in [13]. Performance of RLS and LMS is analyzed
and a new method which combines both the algorithms is
called RLS adaptive beamformer has been devised in [14–16].
RLS algorithm has better convergence rate as compared to
LMS algorithm, but its computational complexity for multiple
input multiple output (MIMO) is large. A new approach called
MIR-LMS algorithm for an adaptive array applicable for highspeed mobile communication has been reported in [17–19].
The re-weighted l1-norm penalized scheme for LMS
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algorithm is presented in [20]. This method is studied in detail
for estimation of sparse channel, and its significance for wireless communication application is discussed. This algorithm
has better performance as compared to standard LMS algorithm in terms of convergence speed. In most of the above
methods [21–27], less importance is given to avoid the interferences, which is one of the most important requirements
of practical applications.
Hence in this work, a novel 2D-ULA which consists of
horizontal–vertical ULA configuration is deployed for LMS
and NLMS algorithm and proposed VSSNLMS to mitigate the
effect of interferences.

2 Array signal model
Consider a geometry of 2D-ULA with 2L antenna elements
distributed horizontally and vertically with m(m < L) number
of source signals as shown in Fig. 3. Let the spacing between
each antenna element be d = 𝜆∕2. Here 𝜆 = v∕f , where v is
the speed of light and f is the frequency of received signals,
respectively. Let (the received signal
x(n) impinges 2D-ULA
)
with directions 𝜃 𝜃1 , 𝜃2 , … , 𝜃m in the far field.

2.1 Signal model of 1‑D ULA
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is the steering vector of ith interference signal, n(n)
is the White Gaussian noise with zero mean and m is
the number of jamming (interference) sources
The above equation can be expressed in matrix form as:
(2)
where X = L × K matrix of induced signal. Here, K is the
number of snapshots, S = reference signal matrix, Ao = L × 1
steering vector of desired signal, Ai = L × 1 steering vector
obtained by array manifold vector (all columns), I = 1× K
interfering sample signal, N = L × K Gaussian noise with
zero mean and 𝜎n2 variance.
The expression for the array vector can be written as:

𝐗 = Ao 𝐒 + Ai 𝐈 + 𝐍

1
1
1
⎡
⎤ ⎡
⎤
⎡
⎤
⎢ ejkd sin 𝜃1 ⎥ ⎢ ejkd sin 𝜃2 ⎥
⎢ ejkd sin 𝜃m ⎥
A=⎢
⎥+⎢
⎥+⋯+⎢
⎥
⋮
⋮
⋮
⎢ jkd(L−1)
⎥ ⎢ jkd(L−1)
⎥
⎢ jkd(L−1)
⎥
sin
𝜃
sin
𝜃
sin
𝜃
1 ⎦
2 ⎦
m ⎦
⎣e
⎣e
⎣e
(3)
Here, the components which are summed are the L × 1
array manifold vectors and this can be denoted as

1
⎡
⎤
�T
⎢ ejkd sin 𝜃 ⎥ � jkd sin 𝜃
a(𝜃) = ⎢
= 1, e
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(4)

The induced signal in noisy environment at nth time can be
expressed as

Here, (⋅)T is the transpose;(⋅)H denotes the Hermitian transpose throughout this paper.
The array factor (AF) and it can be expressed as

m
( )
( ) ∑
ii (n)a 𝜃i + no (n)
x(n) = s(n)a 𝜃o +

[
]
AF = 1, ejkd sin 𝜃 , … , ejkd(L−1) sin 𝜃

(1)

i=1

where( s(n)
( )
) is the desired signal, in is the interference signal, a 𝜃o is the steering vector of desired signal, a 𝜃i

(5)

This AF is a very important parameter to obtain the
radiation pattern of an antenna array.
The beam steering array weights w(n) can be obtained
by solving the Wiener–Hopf equation as below:

w(n) = R−1
xx rsx

(6)

where Rxx the autocorrelation of arriving signal x(n), rsx is
the cross-correlation between the induced signal x(n) and
a reference signal s(n).
In practice, designing an adaptive beamformer is
much difficult than the conventional non-adaptive
beamformer using the Wiener–Hopf method [2]. This
problem can be solved by using the weight update equation, and it can be expressed for adaptive beamformer as

Fig. 3  Considered 2D-ULA configuration

w(n + 1) = w(n) + Δw(n)
(7)
where Δw(n) is the correlation applied to obtain the new
weights. The computation weights can vary from beam
steering algorithms to algorithms. Thus, the adaptive
beam steering uses the weight update equation to form
main beam in the look direction and the nulls in the direction of interferences.
Vol.:(0123456789)
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2.2 Signal model of 2D‑ULA

y(n) = w H ⋅ x(n)

The geometry of 2D-ULA shown in Fig. 3 uses doubly
crossed horizontal and vertical ULAs. This configuration when used in beamforming algorithm gives better
angular resolution and deep nulls as compared to the
conventional ULA. Hence, this method has more interference rejection capability as compared to the ULA-based
beamformers.
Let us recall (1). That is
x(n) = s(n) + i(n) + n(n) = a(𝜃0 )s(n) + i(n)

m
∑

a(𝜃i ) + n(n)

i=1

(8)
Now, let us apply this equation (concept) to the 2D-ULA
configuration. The received narrow-band signal for
the 2D-ULA can be expressed as

x(n) = xH (n) + xV (n)
[
= a(𝜃0 )s(n) + i(n)

m
∑

]
a(𝜃i ) + n(n)

i=1

[

+ a(𝜃0 )s(n) + i(n)

H

m
∑

]
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[
=

M
∑

(9)
V

]
( )
aH (𝜃m ) + aV 𝜃m sm (t)

(10)

(16)
We have deployed this novel method to LMS, NLMS and
proposed VSSNLMS algorithms to study their performance
in various conditions.

3 Proposed adaptive beamforming
algorithms
In this section, firstly, a novel variable step-size normalized least mean square (VSSNLMS) algorithm is presented.
Then, the LMS, the NLMS and the proposed VSSNLMS algorithm is studied using novel 2D-ULA.

3.1 Novel VSSNLMS algorithm
The main objective of the proposed VSSNLMS algorithm is
that it uses variable step in the NLMS algorithm. This solves
the trade-off issue between the convergence rate and the
steady-state MSE.
The convergence rate of this algorithm can be speeded
up by using a larger step size in the initial stages, and the
optimum value can be obtained by using a smaller step
size near the steady-state MSE. The VSSNLMS algorithm is
developed using the following weight updating equation:

w(n + 1) = w(n) +

m=1

( )
Here,
( a)H 𝜃m = L × 1 is steering vector of horizontal ULA,
aV 𝜃m = L × 1 steering vector of vertical ULA.
The new expressions for the horizontal and vertical
array steering vectors are expressed as
]T
( ) [
aH 𝜃m = e{j(n−1)2𝜋(d∕𝜆)} sin 𝜃m

(11)

( ) [
]T
a 𝜃m = e{j(n−1)2𝜋(d∕𝜆)} cos 𝜃m

(12)

Now the array factor(AF) for 2D-ULA can be expressed
as

AF = [AF]H + [AF]V
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≤j≤L

,
w(n + 1) = updated array weights
w(n) = previous weights , x ( n ) = r e c e i v e d s i g n a l ,
e(n) = s(n) − x(n) = error signal , σ = variance = 0.01.

3.2 Proposed novel 2D‑LMS algorithm

(14)

w(n + 1) + w(n) + 𝜇e∗ (n)x(n)

(19)
[

Here ∶ x(n) = xH (n) + xV (n) =

M
∑

]
( )
ah (𝜃m ) + aV 𝜃m sm (t)

m=1

Here ∶ −90◦ ≤ 𝜃 + 0.001 ≤ +90◦
V

The array output can be expressed as
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𝜇(n) =

Novel 2D-LMS algorithm can be implemented using
the following weight updating equation:

)

i=1

where,

H

w H (i) ej2𝜋d cos(𝜃)

(17)

𝜎 + ‖x(n)‖2

(13)

)
H

𝜇(n) e(n) x(n)

(15)

𝜇 = 0.01(fixed value)

(20)
The array output is expressed as y(n) = w(n) ∗ x(n)
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3.3 Novel 2D‑NLMS algorithm
Novel 2D-NLMS algorithm can be implemented using
the following weight updating equation:

w(n + 1) = w(n) +

𝜇(n) e(n) x(n)
𝜎 + ‖x(n)‖2
[

x(n) = xH (n) + xV (n) =

M
∑

;

(21)

]
( )
aH (𝜃m ) + aV 𝜃m sm (t) (22)

m=1

w(n + 1) = updated array weights

, 𝜇, = 0.01(fixed value).
w(n) = previous weights
The array output is expressed as y(n) = w(n) ∗ x(n)

3.4 Novel 2D‑VSSNLMS algorithm

Fig. 4  Radiation pattern of LMS, NLMS and VSSNLMS

Let us recall the weight updating equation of VSSNLMS
algorithm

w(n + 1) = w(n) +

𝜇(n) e(n) x(n)

(23)
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Finally, the output of antenna array can be expressed
as

y(n) = w(n)T x(n)

(25)

Fig. 5  Convergence analysis of LMS, NLMS and VSSNLMS

and the equation of array factor is ∶ AF = [AF]H + [AF]V

(26)

4 Results and discussion
In this section, firstly, the results of proposed VSSNLMS
algorithm are discussed. Then, in the later part of this
section, 2D-Novel ULA configuration is deployed to
study its behavior. Finally, the results are compared with
popular LMS and NLMS algorithms.

4.1 Results of VSSNLMS algorithm
Let us consider a ULA with L = 10 antenna elements separated by d = λ/2. Let the desired signal impinges the ULA

at 0° and let the directions of interferences be [− 20° 0°
30°]. Let the value of step size be adaptive. The radiation pattern of proposed VSSNLMS algorithm is a plot
of array factor versus angle of arrival of desired signal
is shown in Fig. 4. And the convergence analysis is presented in Fig. 5. The computer results clearly show that
the proposed method has narrow beam, representing
high directivity and also it requires less number of iterations for proper beamforming. Furthermore, the beam
of proposed VSSNLMS algorithm is steered in different
directions [i.e., for θ = − 10°, 0°, − 40° and − 60°], which
is shown in Fig. 6. The performance of proposed algorithm is compared with LMS and NMLS algorithms in all
examples.
Vol.:(0123456789)
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Fig. 6  Beam steering of adaptive algorithms for a θ = − 10°
and 0° and b θ = − 40° and − 60°

The standard LMS algorithm requires more than 100
iterations for the satisfactory performance which corresponds to almost the half cycle of signal of interest (SOI).
Due to this, the LMS algorithm is not suitable for many
wireless communication applications, particularly for 4G
LTE, 5G and beyond.
Hence, this problem is solved by using a variable stepsize normalized least mean square (VSSNLMS) algorithm.
Experimental results (Fig. 5) clearly show that proposed
VSSNLMS converges fast as compared to classical LMS and
NLMS methods. Furthermore, we studied the LMS, NLMS
and proposed VSSNLMS using novel 2D-ULA structure to
mitigate the effect of interferences.

4.2 Adaptive beamforming algorithms using
2D‑novel ULA
Let us consider a 2D-novel ULA with number of antennas L = 10, spacing between the antennas be d = 0.5λ, let
Vol:.(1234567890)

the direction of arrival (DOA) of desired signal be θ = 0°,
SNR = 20 dB, let the directions of six interferences be [− 60°,
− 40° and 60°]. Let us assume that the noise is white Gaussian with σ2 variance and zero mean. In these simulations,
variable step size is used for proposed 2D-VSSNLMS algorithm and fixed step size is used for the remaining methods. Figures 7, 8 and 9 show the beam patterns of 2D-LMS,
2D-NLMS and 2D-VSSNLMS, respectively.
The normalized array factors of the proposed method
using 2D-novel ULA and the classical methods using normal ULA when the average depth of nulls are at 0° and
60° are tabulated in the Tables 1 and 2 respectively. Here,
the normalized array factors of the LMS, NLMS, RLS, SMI,
LMS/SMI and NLMS/RLS algorithms are taken directly from
[21, 22]. The graphical representations of above tables are
depicted in Figs. 10 and 11 respectively.
From the computer simulations and Tables 1 and 2, we
note that, as compared to the normal ULA-based algorithms, the proposed 2D-VSSNLMS gives deep nulls and
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Fig. 7  Beam pattern of 2D-LMS
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Fig. 9  Beam patterns of 2D-VSSNLMS

hence is more immune to noise. The negative aspect of
2D algorithms is that they demand fast analog to digital
(ADC) converters which might lead to high sampling rate.
Also, these algorithms are not suitable to resolve wideband signals.

5 Conclusion

Fig. 8  Beam pattern of 2D-NLMS

Adaptive beamformers using 2D-ULA structure mitigates
the effect of interference by producing deep nulls. Computer simulations are evident for the effectiveness of proposed methods. The proposed 2D-VSSNLMS algorithm
requires less number of iterations for beamforming and
more immune to interferences. This makes it suitable
for low-power, low-cost anti-interference MIMO-WLAN,
WiMAX, 4G LTE and other advanced communication
systems. The computer simulations have demonstrated
the effectiveness and superiority of the proposed
algorithms.
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Table 1  Performance of
beamforming algorithms using
ULA and 2D-ULA at DOA = 0°

Table 2  Performance of
beamforming algorithms using
ULA and 2D-ULA at DOA = 60°
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N

2D-VSSNLMS

NLMS/RLS

LMS/SMI

RLS

SMI

NLMS

LMS

8
16
24
32
51

− 74
− 81
− 84
− 87
− 90

− 56.73
− 58.87
− 60.87
− 62.45
− 63.84

− 53.17
− 52.78
− 50.89
− 48.46
− 55.09

− 55.39
− 57.35
− 59.02
− 59.18
− 59.6

− 58.99
− 60.52
− 61.43
− 60.72
− 61.65

− 43.57
− 46.93
− 49.33
− 50.14
− 51.57

− 48.36
− 50.11
− 50.15
− 48.79
− 47.35

N

2D-VSSNLMS

NLMS/RLS

LMS/SMI

RLS

SMI

NLMS

LMS

8
16
24
32
51

− 68
− 72
− 73
− 74
− 80

− 55.74
− 59.25
− 60.22
− 63.92
− 63.61

− 53.74
− 52.15
− 51.42
− 50.52
− 55.61

− 53.21
− 58.55
− 60.12
− 62.82
− 63.41

− 59.11
− 62.15
− 63.72
− 63.82
− 65.11

− 43.11
− 46.75
− 48.42
− 49.16
− 53.51

− 49.11
− 49.65
− 50.2
− 48.86
− 48.55

Fig. 10  Average nulls depth in decibels at 0° versus antenna elements
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